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L ( $GL(n)/\mathbb{Q}(n=1,2, \ldots)$ cuspidal
$L$ )
(implicitly )





2. $\ovalbox{\tt\small REJECT} R$ I
1900 Hilbert (23
) $\zeta(s)$
algebraic-differential independence over $\mathbb{C}(s)$






) Hilbert algebraic$arrow differential$
independence over $\mathbb{C}(s)$ H\"older $($ 1887 $)$ $\zeta(s)$
Hilbert











Gal $(K/\mathbb{Q})$ irreducible characters Artin Artin $L$
$L(s, \chi_{1}, K/\mathbb{Q})$ , . . , $L(s, \chi_{r}, K/\mathbb{Q})$ multiplicative independence









$\sum_{n=1}^{\infty}\frac{1}{n^{\sigma}}$ $\zeta(s)$ ${\rm Re} s=\sigma$ $\{\zeta(\sigma+$
it) $|t\in \mathbb{R}\}$ $\sum_{n=1}^{\infty}\frac{1}{n^{\sigma}}$ $\mathbb{C}$ dense
1914 Bohr Courant [BC] $\sigma$ $1/2<\sigma\leq 1$
$\zeta(s)$ ${\rm Re} s=\sigma$
(3.2) $\{\zeta(\sigma+it)\in \mathbb{C}|t\in \mathbb{R}\}$
$\mathbb{C}$ dense ( $\{\zeta(1/2+it)|t\in \mathbb{R}\}$
$\mathbb{C}$ dense )
1972 Voronin [Vl] Bohr
$\sigma$ $1/2<\sigma\leq 1$ $M$
$\{(\zeta(\sigma+it), \zeta^{(1)}(\sigma+it), \ldots, \zeta^{(M)}(\sigma+it))\in \mathbb{C}^{M+1}|t\in \mathbb{R}\}$
$\mathbb{C}^{M+1}$ dense
Voronin 1 $\zeta(s)$ derivatives
117
Definition 1. (functional independence ) $g_{1}(s),$ $\ldots,$ $g_{r}(s)$ function-
ally independent : $m$
$F_{0},$
$\ldots$ , $F_{m}$ : $\mathbb{C}^{r}arrow \mathbb{C}$
$\sum_{k=0}^{m}s^{k}F_{k}(g_{1}(s), \ldots,g_{r}(s))=0$
( ) $s$ $0\leq k\leq m$
$\ovalbox{\tt\small REJECT}$ $0$
Voronin [V2] $[KV, P. 254]$ denseness result ( $\sigma$ $\sigma=1$
) $M$ $\zeta(s),$ $\zeta^{(1)}(s),$
$\ldots,$
$\zeta^{(M)}(s)$
functionally independent Section 2
Hilbert
Section 7
Voronin $\zeta(s)$ Dirichlet $L$ ( Sec-
tion 4 ) $[V3]$ $SL(2, \mathbb{Z})$ holomorphic
Hecke eigen cusp form $L$ $[LM1]$ $SL(2, \mathbb{Z})$ Maass form $L$
(Ramanujan ) $[N1]$ Dirichlet
[St] [NSl denseness
derivatives functional independence
[St] Section 2 Artin
$F$ } functional independence
4. III
section $L$ derivatives
functional independence Voronin $[V3|$ $F$
Dirichlet $L$ derivatives functional in-
dependence $\chi_{1}$ , . . . , $\chi_{r}$ $mod q$ Dirichlet
$L(s, \chi_{j})$ $\chi_{j}$ Dirichlet $L$ $\sigma$ $1/2<\sigma<1$
Voronin [V3] [KV, p. 270]
$\{(L(\sigma+it, \chi_{1}),$
$\ldots,$
$L(\sigma+it, \chi_{r}),$ $L^{(1)}(\sigma+it, \chi_{1}),$
$\ldots,$
$L^{(1)}(\sigma+it, \chi_{r})$ ,
. . . . . . , $L^{(M)}(\sigma+it, \chi_{1}),$ $\ldots,$ $L^{(M)}(\sigma+it, \chi_{r}))\in \mathbb{C}^{r(M+1)}|t\in \mathbb{R}\}$
$\mathbb{C}^{r(M+1)}$ dense (
Bagchi [Ba] Gonek ) Voronin [V3] $[KV, P. 271]$
$\zeta(s)$ denseness result $L(s, \chi_{j})$
derivatives functional independence
118
denseness result Dirichlet $\chi_{j}$
:
(4.1) $\chi_{j}(p)=\chi_{j}(a)$ if $p\equiv amod q$ ,
(4.2) $\sum_{1\leq n\leq q,(nq)=1},\chi_{j}(n)\overline{\chi_{l}}(n)=\{\begin{array}{ll}\#\{1\leq n\leq q|(n, q)=1\} if \chi_{j}=\chi_{l},0 otherwise.\end{array}$
$SL(2, \mathbb{Z})$ holomorphic Hecke eigen cusp form $f$
Dirichlet $\chi_{1},$
$\ldots,$
$\chi_{r}$ twist $L$ $L(s, f, \chi_{1})$ ,
. . . , $L(s,$ $f,$ $\chi_{j})$ $([$LM2$])$ twist




morphic Hecke eigen cusp forms $fi$ , . . . , $f_{r}$ (4.1)
(4.2) $L$ $L(s, fi),$ $\ldots,$ $L(s, f_{r})$










(I) (Euler product) ${\rm Re} s$
(5.1) $L(s)= \prod_{p}\prod_{r=1}^{d_{L}}(1-\frac{\alpha_{L}(p,r)}{p^{s}})^{-1}$
$d_{L}$ $\alpha_{L}(p, r)(1\leq r\leq d_{L},$ $p$
$)$
$d_{L}$ $\alpha_{L}(p, r)$ $L(s)$
(II) (Ramanujan bound) $\alpha_{L}(p, r)(1\leq r\leq d_{L},$ $p$ $)$
$|\alpha_{L}(p,r)|\leq 1$
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$L(s)= \sum_{n=1}^{\infty}a(n)n^{-s}$ $\mathcal{L}$ (II) $a(n)\ll n^{\epsilon}$
(see $[St$ , Lemma 2.2]) $L(s)$ ${\rm Re} s>1$ $\mathcal{L}$
${\rm Re} s\leq 1$
Theorem 1 Theorem 1
Dirichlet
functional independence
Theorem 1. Let $L_{1}(s)= \sum_{n=1}^{\infty}a_{1}(n)n^{-s},$ $\ldots,$ $L_{N}(s)= \sum_{n=1}^{\infty}a_{N}(n)n^{-s}$ be
distinct functions in the class $\mathcal{L}$ satisfying
(5.2) $\sum_{p\leq x}\frac{a_{j}(p)\overline{a_{k}(p)}}{p}=\{\begin{array}{ll}\kappa_{j}\log\log x+o(\log\log x) if j=ko(\log\log x) if j\neq k,\end{array}$
as $xarrow$ oo $f$ where each $\kappa_{j}$ is some positive constant. Let $M$ be any positive in-
teger. Then $L_{1}(s),$ $\ldots,$ $L_{N}(s)_{f}L_{1}^{(1)}(s),$ $\ldots$ , $L_{N}^{(1)}(s)_{l}\ldots\ldots$ , $L_{1}^{(M)}(s),$ $\ldots,$ $L_{N}^{(M)}(s)$
are functionally independent.
(5.2) Selberg’s orthogonality (see [KP], [Se],
[LWY] $)$ Selberg’sorthogonality Theorem
1 unique factorization
(see [St, Theorem 6.3])
[KMP] [Ni]
Theorem 1 corollary $\mathcal{R}(GL(n), \mathbb{Q})$
$\{\pi|\pi$ is an irreducible cuspidal automorphic representation








$|\alpha_{\pi}(p_{s}r)|=1$ ($p$ unramified ),
$|\alpha_{\pi}(p, r)|\leq 1$ ($p$ ramified )
$L(s, \pi)$ $\mathcal{L}$
Rankin-Selberg $L$ $\mathcal{R}(GL, \mathbb{Q})$ Selberg’s
120
orthogonality ([LWY], [IK, Theorem5.13])
Theorem 1
Corollary 1. Let $\pi_{1},$ $\ldots,$ $\pi_{N}$ be non-equivalent automorphic representations
in $\mathcal{R}(GL, \mathbb{Q})$ . Assume that the Ramanujan conjecture holds for every $\pi_{j}$ .
Let $M\in \mathbb{N}$ . Then $L(s, \pi_{1}),$ $\ldots,$ $L(s, \pi_{N})_{f}L^{(1)}(s, \pi_{1}),$ $\ldots$ , $L^{(1)}(s, \pi_{N}),$ $\ldots\ldots$ ,
$L^{(M)}(s, \pi_{1}),$
$\ldots,$
$L^{(M)}(s, \pi_{N})$ are functionally independent.
Theorem 1 $|$ Theorem 2 denseness result
$\zeta(s)$ (3. 1) $\sigma>1$ ${\rm Re} s=\sigma$
(3.2) ${\rm Re} s=1$ $\mathbb{C}$ dense
${\rm Re} s>1$ $\{\zeta(\sigma+it)|\sigma>1, t\in \mathbb{R}\}$
$\mathbb{C}$ dense [Ti, P. 300]
${\rm Re} s=1$ denseness
Theorem 2 ${\rm Re} s>1$




Theorem 2. Let $L_{1}(s)= \sum_{n=1}^{\infty}a_{1}(n)n^{-s},$
$\ldots,$
$L_{N}(s)= \sum_{n=1}^{\infty}a_{N}(n)n^{-s}$ be
distinct functions in the class $\mathcal{L}$ satisfying
$\sum_{p\leq x}\frac{a_{j}(p)\overline{a_{k}(p)}}{p}=\{\begin{array}{ll}\kappa_{j}\log\log x+o(\log\log x) if j=ko(\log\log x) if j\neq k,\end{array}$
as $xarrow$ oo, where each $\kappa_{j}$ is some positive constant. Let $M$ be a positive
integer. Then for any numbers $z_{jm}\in \mathbb{C}(1\leq j\leq N, 1\leq m\leq M)$ and any
$\epsilon>0$ , there exists a number $\sigma_{0}>1$ such that
$\lim_{Tarrow}\inf_{\infty}\frac{1}{T}$ meas $\{t\in[0, T]||.L_{j}^{(m)}(\sigma_{0}+it)-z_{jm}|<\epsilon$
for all $1\leq j\leq N,$ $1\leq m\leq M\}>0$ ,
where $meas\{\cdots\}$ denotes the Lebesgue measure of the set $\{\cdots\}$ .
6. THEOREM 2
Theorem 2 [N2] Theorem 2
Lemma2 Lemma Selberg’s
orthogonality Lemma2 Lemmal
Lemma 1 (separation theorem)
Lemma 1 Voronin [Vl]
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Lemma 1. Let $H$ be a complex Hilbert space with mner product $\langle\cdot,$ $\cdot\rangle$ and
norm $|\cdot||=\sqrt{\langle,\rangle}$ . Let $\{u_{n}|n\in \mathbb{N}\}$ be a sequence in $H$ satisfying the
following two conditions;
$( i)\sum_{n=1}^{\infty}\Vert u_{n}\Vert^{2}<\infty’$.
$( ii)\sum_{r\iota=1}^{\infty}|\langle u_{n},$ $u\rangle|=\infty$ for any non-zero element $u\in H$ .
Let any $m\in \mathbb{N}$ be fixed. Then the set $\{\sum_{n=m}^{m’}c_{\eta}u_{n}|m’\geq m,$ $c_{\eta}?\in \mathbb{C},$ $|c_{n}|=$
$1$ for $m\leq n\leq m’\}$ is dense in $H$ .
Lemma 2. Let $L_{1}(s)= \sum_{n=1}^{\infty}a_{1}(n)n^{-s},$ $\ldots,$ $L_{N}(s)= \sum_{n=1}^{\infty}a_{N}(n)n^{-s}$ be dis-
tinct functions in $\mathcal{L}$ satisfying
(6.1) $\sum_{p\leq x}\frac{a_{j}(p)\overline{a_{k}(p)}}{p}=\{\begin{array}{ll}\kappa_{j}\log\log x+o(\log\log x) if j=ko(\log\log x) if j\neq k,\end{array}$
as $xarrow\infty$ , where each $\kappa_{j}$ is some positive constant. Let $M$ be a positive
integer. For every prime $p$ , we define $F_{p}\in \mathbb{C}^{N(M+1)}$ by




, , . . . . , $\frac{a_{N}(p)}{p},$ $\frac{(-\log p)a_{N}(p)}{p},$ . . . ’ $\frac{(-\log p)^{M}a_{N}(p)}{p})$ .
Let $y$ be a positive real number. Then the set
$\{\sum_{y\leq p\leq\nu}c_{p}F_{p}|\nu\geq y,$ $c_{p}\in \mathbb{C},$ $|c_{\rho}|=1$ for every prime $p$ with $y\leq p\leq\nu\}$
is dense in $\mathbb{C}^{N(M+1)}$ .
$<$ Lemma2 $>$ Lemma 1 $H=\mathbb{C}^{N(M+1)},$ $u_{n}=F_{p_{n}}$
( $p_{n}$ $n$ ) (i) (ii) Lemma
1 Lemma 2
(i) (ii)





$w$ $M_{0}$ $:= \max\{0\leq m\leq M|w(j, m)\neq$
$0$ for some $i$ }
$\langle F_{p},$ $w \rangle=\sum_{j=1}^{N}\sum_{m=0}^{M}\frac{(-\log p)^{m}a_{j}(p)}{p}\overline{w(j,m)}$
$= \sum_{j=1}^{N}\frac{(-\log p)^{M_{0}}a_{j}(p)}{p}\overline{w(j,M_{0})}+\sum_{j=1}^{N}\sum_{m=0}^{M_{0}-1}\frac{(-\log p)^{m}a_{j}(p)}{p}\overline{w(j,m)}$
$\mathcal{L}$ (II) $\epsilon$
$Po=p_{0}(\epsilon, L_{1}, \ldots, L_{N}, M, w)$ $p>p_{0}$ $p$
(6.3) $|\langle F_{p},$ $w \rangle|\geq\frac{(\log p)^{M_{0}}}{p}(|\sum_{j=1}^{N}a_{j}(p)\overline{w(j,M_{0})}|-\epsilon)$
$1\leq i\leq N$ $w_{j}:=w(j, M_{0})$ $M_{0}$
$j$ $w_{j}\neq 0$
$\mu$
$\mathcal{Q}_{\mu}=\mathcal{Q}(\mu, L_{1}, \ldots, L_{N}, w_{1}, \ldots, w_{N})$ $| \sum_{j=1}^{N}a_{j}(p)\overline{w_{j}}|>\mu$
$p$ Selberg’s orthogonality (6.1) $\mathcal{L}$
(II)
$\sum_{p\leq x}\frac{|\sum_{j=1}^{N}a_{j}(p)\overline{w_{j}}|^{2}}{p}$




( $D$ $:= \max\{d_{L_{j}}|1\leq j\leq N\},$ $d_{L_{j}}$ (5.1) )
$\sum_{p\leq x}\frac{|\sum_{j=1}^{N}a_{j}(p)\overline{w_{j}}|^{2}}{p}=\sum_{p\leq x}\frac{(\sum_{j=1}^{N}a_{j}(p)\overline{w_{j}})(\overline{\sum_{j=1}^{N}a_{j}(p)\overline{w_{j}}})}{p}$
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$p \in Q_{\mu}\sum_{p\leq x}\frac{1}{p}\gg$
log log $x$ $(as xarrow\infty)$
(6.3)
$\sum_{p\leq x}|\langle F_{p},$
$w \rangle|\geq\sum_{0p_{p\in Q_{\mu}}<p\leq x}|\langle F_{p},$
$w\rangle|$ $\geq(\mu-\epsilon)\sum_{po<p\leq x}\frac{(\log p)^{M_{0}}}{p}$
$>( \mu-\epsilon)\sum_{po<p\leq x}\frac{1}{p}$ $arrow\infty$ $(as xarrow\infty)$
$p\in Q_{\mu}$
(6.2) Lemma 2
7. THEOREM 2 THEOREM 1




$\ldots$ , $F_{m}$ : $\mathbb{C}^{N(M+1)}arrow \mathbb{C}$ $F_{j}$ $0$
(7.1) $\sum_{j=0}^{m}s^{j}F_{j}(L_{1}(s),$ $\ldots,$ $L_{N}(s),$ $\ldots\ldots,$ $L_{1}^{(M)}(s),$ $\ldots,$ $L_{N}^{(M)}(s))\neq 0$
$s$
$n$ $:= \max\{0\leq j\leq m|F_{j}\not\equiv O\}$ $F_{n}$






. . . . . , $L_{1}^{(M)}(\sigma_{0}+it_{j}),$ $\ldots,$ $L_{N}^{(M)}(\sigma_{0}+it_{j}))\in U$ .
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$\sigma_{0}>1$ $\{t_{j}|j=1,2, \ldots\}$ $( \lim_{jarrow\infty}t_{j}=\infty$ $)$
$n\geq 1$ $F_{j}$ $U$
$|(\sigma_{0}+it_{j})^{n}F_{n}(w_{j})+(\sigma_{0}+it_{j})^{n-1}F_{n-1}(w_{j})+\cdot\cdot\cdot$ $+F_{0}(w_{j})|arrow\infty$
$(as jarrow\infty)$ $n=0$ $|F_{0}(w_{j})|>c$
$n$ (7.1) Theorem 1
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